State Board of Education-Adopted

Mathematics I

Page 1 of 41

Mathematics I

1
2
3

Introduction

4

The following Integrated and Traditional Pathways lay out two sequences of

5

courses that include the “College and Career Readiness” standards of the higher

6

mathematics CA CCSSM. These are the standards deemed appropriate for all students

7

to learn in preparation for pursuing a college education or a career in a technology-

8

infused 21st Century.

9

beyond these pathways and are intended to be learned by those students who wish to

10
11

Most of the additional “plus” (+) standards are treated in courses

pursue higher-level mathematics courses or college majors in a STEM field.
These pathways and the two suggested “fourth courses” presented in the

12

framework do not represent the only courses available for high school students. The

13

higher mathematics CA CCSSM are designed in part as a menu of standards from

14

which educators can create customized courses. Thus, for example, a school or district

15

may opt to create a mathematics course based on certain CA CCSSM and the Career

16

Technical Education Model Curriculum Standards, or they may opt to create a

17

Mathematical Modeling course using starred (★) standards (see the Appendix,

18

“Mathematical Modeling,” for more information). Overall, schools and districts have a

19

choice in their course offerings at the high school level and are welcome to take

20

advantage of the focus on real-world applications of the higher mathematics standards

21

and the overall flexibility of the CA CCSSM.

22

The fundamental purpose of Mathematics I is to formalize and extend students’

23

understanding of linear functions and their applications. The critical topics of study

24

deepen and extend understanding of linear relationships, in part by contrasting them

25

with exponential phenomena, and in part by applying linear models to data that exhibit a

26

linear trend. Mathematics I uses properties and theorems involving congruent figures to

27

deepen and extend understanding of geometric knowledge from prior grades. The

28

courses in the Integrated Pathway follow the structure began in the K-8 standards of

29

presenting mathematics as a coherent subject, mixing standards from various

30

conceptual categories.
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The standards in the integrated Mathematics I course come from the following

32

conceptual categories: Modeling, Functions, Number and Quantity, Algebra, Geometry,

33

and Statistics and Probability. The content of the course will be expanded upon below

34

according to these conceptual categories, but teachers and administrators alike should

35

note that the standards are not topics to be checked off a list during isolated units of

36

instruction, but rather content that should be present throughout the school year through

37

rich instructional experiences. In addition, the standards should not necessarily be

38

taught in the order in which they appear here, but rather in a coherent manner.

39
40

What Students learn in Mathematics I

41

Overview

42

In Mathematics I, students continue their work with expressions and modeling

43

and analyzing situations. In earlier grades, students informally define, evaluate, and

44

compare functions, and use them to model relationships between quantities. In

45

Mathematics I, students will learn function notation and develop the concepts of domain

46

and range. They move beyond viewing functions as processes that take inputs and yield

47

outputs and start viewing functions as objects that can be combined with operations

48
49

(e.g., finding (𝑓 + 𝑔)(𝑥) = 𝑓(𝑥) + 𝑔(𝑥).). They explore many examples of functions,

50

symbolically, and verbally, translate between representations, and understand the

51

limitations of various representations. They work with functions given by graphs and

52

tables, keeping in mind that, depending upon the context these representations are

53

likely to be approximate and incomplete. Their work includes functions that can be

54

described or approximated by formulas as well as those that cannot. When functions

55

describe relationships between quantities arising from a context, students reason with

56

the units in which those quantities are measured. Students build on and informally

57

extend their understanding of integer exponents to consider exponential functions. They

58

compare and contrast linear and exponential functions, distinguishing between additive

59

and multiplicative change. They interpret arithmetic sequences as linear functions and

60

geometric sequences as exponential functions.

including sequences. They interpret functions represented graphically, numerically,
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By the end of the eighth grade content standards, students have learned to solve

62

linear equations in one variable and have applied graphical and algebraic methods to

63

analyze and solve systems of linear equations in two variables. Mathematics I builds on

64

these earlier experiences by asking students to analyze and explain the process of

65

solving an equation and to justify the process used in solving a system of equations.

66

Students develop fluency writing, interpreting, and translating between various forms of

67

linear equations and inequalities, and using them to solve problems. They master

68

solving linear equations and apply related solution techniques and the laws of

69

exponents to the creation and solving of simple exponential equations. Students explore

70

systems of equations and inequalities, and they find and interpret their solutions. All of

71

this work is grounded on understanding quantities and on relationships between them.

72

In Mathematics I, students build on their prior experiences with data, developing

73

more formal means of assessing how a model fits data. Students use regression

74

techniques to describe approximately linear relationships between quantities. They use

75

graphical representations and knowledge of the context to make judgments about the

76

appropriateness of linear models. With linear models, they look at residuals to analyze

77

the goodness of fit.

78

In previous grades, students were asked to draw triangles based on given

79

measurements. They also have prior experience with rigid motions: translations,

80

reflections, and rotations, and have used these to develop notions about what it means

81

for two objects to be congruent. In Mathematics I, students establish triangle

82

congruence criteria, based on analyses of rigid motions and formal constructions. They

83

solve problems about triangles, quadrilaterals, and other polygons. They apply

84

reasoning to complete geometric constructions and explain why they work. Finally,

85

building on their work with the Pythagorean Theorem in the grade eight standards to

86

find distances, students use a rectangular coordinate system to verify geometric

87

relationships, including properties of special triangles and quadrilaterals and slopes of

88

parallel and perpendicular lines.

89
90

Examples of Key Advances from Grades K-8
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Students build on previous work with solving linear equations and systems of linear

92

equations from seventh and eighth grade in two ways: (a) They extend to more

93

formal solution methods, including attending to the structure of linear expressions,

94

and (b) they solve linear inequalities.

95

•

Students formalize their understanding of the definition of a function, particularly

96

their understanding of linear functions, emphasizing the structure of linear

97

expressions. Students also begin to work with exponential functions, comparing

98

them to linear functions.

99

•

100
101
102

Work with congruence and similarity transformations that was begun in grades 6-8
progresses. Students consider sufficient conditions for the congruence of triangles.

•

Work with bivariate data and scatter plots in grades 6-8 is extended to working with
lines of best fit. [From the PARCC for HS, 26]

103
104
105

Connecting Standards for Mathematical Practice and Content
The Standards for Mathematical Practice apply throughout each course and,

106

together with the content standards, prescribe that students experience mathematics as

107

a coherent, useful, and logical subject that makes use of their ability to make sense of

108

problem situations. The Standards for Mathematical Practice (MP) represent a picture

109

of what it looks like for students to do mathematics in the classroom and, to the extent

110

possible, content instruction should include attention to appropriate practice standards.

111

The CA CCSSM call for an intense focus on the most critical material, allowing

112

depth in learning, which is carried out through the MP standards. Connecting content

113

and practices happens in the context of working on problems; the very first MP standard

114

is to make sense of problems and persevere in solving them. The table below gives

115

examples of how students can engage in the MP standards in Mathematics I.

116
Standards for

Examples of each practice in Mathematics I

Mathematical Practice
Students…
MP1. Make sense of
problems and persevere in

Students persevere when attempting to understand the differences between
linear and exponential functions. They make diagrams of geometric
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solving them.
MP2. Reason abstractly
and quantitatively.

MP3. Construct viable
arguments and critique the
reasoning of others.
Students build proofs by
induction and proofs by
contradiction. CA 3.1 (for
higher mathematics only).
MP4. Model with
mathematics.

MP5. Use appropriate
tools strategically.

MP6. Attend to precision.

MP7. Look for and make
use of structure.

MP8. Look for and
express regularity in
repeated reasoning.

117
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problems to help them make sense of the problems.
Quantitative reasoning entails habits of creating a coherent representation
of the problem at hand; considering the units involved; attending to the
meaning of quantities, not just how to compute them; and knowing and
flexibly using different properties of operations and objects.
Students reason through the solving of equations, recognizing that solving
an equation is more than simply a matter of rote rules and steps. They use
language such as “if… then...” when explaining their solution methods

Students apply their mathematical understanding of linear and exponential
functions to many real-world problems, such as linear and exponential
growth. Students also discover mathematics through experimentation and
examining patterns in data from real-world contexts.
Students develop a general understanding of the graph of an equation or
function as a representation of that object, and they use tools such as
graphing calculators or graphing software to create graphs in more complex
examples, understanding how to interpret the result.
Students use clear definitions in discussion with others and in their own
reasoning. They state the meaning of the symbols they choose, including
using the equal sign consistently and appropriately. They are careful about
specifying units of measure, and labeling axes to clarify the correspondence
with quantities in a problem.
Students recognize the significance of an existing line in a geometric figure
and can use the strategy of drawing an auxiliary line for solving problems.
They also can step back for an overview and shift perspective. They can
see complicated things, such as some algebraic expressions, as single
objects or as being composed of several objects.
Students see that the key feature of a line in the plane is an equal
difference in outputs over equal intervals of inputs, and that the result of
𝑦 −𝑦
evaluating the expression 2 1 for points on the line is always equal to a
𝑥2 −𝑥1

certain number 𝑚. Therefore, if (𝑥, 𝑦) is a generic point on this line, the
𝑦−𝑦1
will give a general equation of that line.
equation 𝑚 =
𝑥−𝑥1

MP standard 4 holds a special place throughout the higher mathematics

119

curriculum, as Modeling is considered its own conceptual category. Though the

120

Modeling category has no specific standards listed within it, the idea of using

121

mathematics to model the world pervades all higher mathematics courses and should

122

hold a high place in instruction. Readers will see some standards marked with a star

123

symbol (★) to indicate that they are modeling standards, that is, they present an
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124

opportunity for applications to real-world modeling situations more so than other

125

standards. Modeling with mathematics is a theme in all higher math courses. Modeling

126

problems in higher mathematics center on problems arising in everyday life, society,

127

and the workplace. Such problems may draw upon mathematical content knowledge

128

and skills articulated in the standards prior to or during the current course.

129

Examples of places where specific MP standards can be implemented in the

130

Mathematics I standards will be noted in parentheses, with the specific practice

131

standard(s) indicated.

132
133

Mathematics I Content Standards by Conceptual Category

134

The Mathematics I course is organized by conceptual category, domains,

135

clusters, and then standards. Below, the overall purpose and progression of the

136

standards included in Mathematics I are described according to these conceptual

137

categories. Note that the standards are not listed in an order in which they should be

138

taught. Standards that are considered to be new to secondary grades teachers will be

139

discussed in more depth than others.

140
141
142

Conceptual Category: Modeling
Throughout the higher mathematics CA CCSSM, certain standards are marked

143

with a (⋆) symbol to indicate that they are considered modeling standards. Modeling at

144

this level goes beyond the simple application of previously constructed mathematics to

145

real-world problems. True modeling begins with students asking a question about the

146

world around them, and mathematics is then constructed in the process of attempting to

147

answer the question. When students are presented with a real-world situation and

148

challenged to ask a question, all sorts of new issues arise: which of the quantities

149

present in this situation are known and unknown? Students need to decide on a solution

150

path; sometimes that path may need to be revised. They will make use of tools such as

151

calculators, dynamic geometry software, or spreadsheets. They will try to use

152

previously derived models (e.g. linear functions) but may find that a new formula or

153

function will apply. They may see that solving an equation arises as a necessity when
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154

trying to answer their question, and that oftentimes the equation arises as the specific

155

instance of the knowing the output value of a function at an unknown input value.

156

Modeling problems have an element of being genuine problems, in the sense

157

that students care about answering the question under consideration. In modeling,

158

mathematics is used as a tool to answer questions that students really want answered.

159

This will be a new approach for many teachers and will be challenging to implement, but

160

the effort will produce students who can appreciate that mathematics is relevant to their

161

lives. From a pedagogical perspective, modeling gives a concrete basis from which to

162

abstract the mathematics and often serves to motivate students to become independent

163

learners.

164
165
166
167

Figure 1: The modeling cycle. Students examine a problem and formulate a mathematical model (an
equation, table, graph, etc.), compute an answer or rewrite their expression to reveal new information,
interpret their results, validate them, and report out.

168
169

Throughout the Mathematics I chapter, the examples given will be framed as

170

much as possible as modeling situations, to serve as illustrations of the concept of

171

mathematical modeling. The big ideas of linear and exponential functions, graphing,

172

solving equations, and change will be explored through this lens. The reader is

173

encouraged to consult the Appendix, “Mathematical Modeling,” for a further discussion

174

of the Modeling Cycle and how it is integrated into the higher mathematics curriculum.

175

Conceptual Category: Functions

176

The standards of the Functions conceptual category can serve as motivation for

177

studying the standards in the other Mathematics I conceptual categories. For instance,

178

an equation wherein one is asked to “solve for 𝑥 ” can be seen as a search for the input

179

38T

of a function 𝑓 that gives a specified output, and solving the equation amounts to
38T
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1

undoing the work of the function. Or, the graph of an equation such as 𝑦 = 3 𝑥 + 5 , can
1

38T

be seen as a certain representation of a function 𝑓 where 𝑓(𝑥) = 3 𝑥 + 5 . Solving a
38T

38T

more complicated equation can be seen as asking for which values of 𝑥 do two
38T

functions 𝑓 and 𝑔 agree (i.e. when does 𝑓(𝑥) = 𝑔(𝑥) ?) and the intersection of the two
38T

38T

38T

graphs 𝑦 = 𝑓(𝑥) and 𝑦 = 𝑔(𝑥) is then connected to the solution of this equation. In
38T

38T

185

general, functions describe in a precise way how two quantities are related, and can be

186

used to make predictions and generalizations, keeping true to the emphasis on

187

modeling in higher mathematics.

188

Functions describe situations where one quantity determines another. For

189

example, the return on $10,000 invested at an annualized percentage rate of 4.25% is a

190

function of the length of time the money is invested. Because we continually make

191

theories about dependencies between quantities in nature and society, functions are

192

important tools in the construction of mathematical models.

193

In school mathematics, functions usually have numerical inputs and outputs and

194

are often defined by an algebraic expression. For example, the time in hours it takes for

195

a car to drive 100 miles is a function of the car’s speed in miles per hour, 𝑣; the rule

196
197
198

𝑇(𝑣) = 100/𝑣 expresses this relationship algebraically and defines a function whose
name is 𝑇.

The set of inputs to a function is called its domain. We often assume the domain

199

to be all inputs for which the expression defining a function has a value, or for which the

200

function makes sense in a given context. When describing relationships between

201

quantities, the defining characteristic of a function is that the input value determines the

202

output value, or equivalently, that the output value depends upon the input value (The

203

University of Arizona Progressions Documents for the Common Core Math Standards

204

[Progressions], Functions 2012, 2).

205

A function can be described in various ways, such as by a graph (e.g., the trace

206

of a seismograph); by a verbal rule, as in, “I’ll give you a state, you give me the capital

207

city;” by an assignment, such as the fact that each individual is given a unique Social

208

Security Number; by an algebraic expression like 𝑓(𝑥) = 𝑎 + 𝑏𝑥; or by a recursive rule,

209

such as 𝑓(𝑛 + 1) = 𝑓(𝑛) + 𝑏, 𝑓(0) = 𝑎. The graph of a function is often a useful way of
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210

visualizing the relationship that the function models, and manipulating a mathematical

211

expression for a function can throw light on the function’s properties.

212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239

Interpreting Functions

240

functions, in Mathematics I they begin to refine their understanding and use the formal

241

mathematical language of functions. Standards F-IF.1-9 deal with understanding the

242

concept of a function, interpreting characteristics of functions in context, and

243

representing functions in different ways (MP.6). In F-IF.3, students learn the language

244

of functions and that a function has a domain that should be specified. For instance, the

245

equation 𝑓(𝑥) = 𝑥 2 by itself does not describe a function entirely. Similarly, though the

246
247
248
249
250

F-IF

Understand the concept of a function and use function notation. [Learn as general principle. Focus on linear
and exponential (integer domains) and on arithmetic and geometric sequences.]

1.

2.
3.

Understand that a function from one set (called the domain) to another set (called the range)
assigns to each element of the domain exactly one element of the range. If f is a function and x is
an element of its domain, then f(x) denotes the output of f corresponding to the input x. The graph
of f is the graph of the equation y = f(x).
Use function notation, evaluate functions for inputs in their domains, and interpret statements that
use function notation in terms of a context. ).
Recognize that sequences are functions, sometimes defined recursively, whose domain is a
subset of the integers. For example, the Fibonacci sequence is defined recursively by
f(0) = f(1) = 1, f(n + 1) = f(n) + f(n − 1) for n ≥ 1. ).

Interpret functions that arise in applications in terms of the context. [Linear and exponential (linear domain)]
4.

5.

6.

For a function that models a relationship between two quantities, interpret key features of graphs
and tables in terms of the quantities, and sketch graphs showing key features given a verbal
description of the relationship. Key features include: intercepts; intervals where the function is
increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; end
behavior; and periodicity. 
Relate the domain of a function to its graph and, where applicable, to the quantitative relationship
it describes. For example, if the function h gives the number of person-hours it takes to assemble
n engines in a factory, then the positive integers would be an appropriate domain for the function.

Calculate and interpret the average rate of change of a function (presented symbolically or as a
table) over a specified interval. Estimate the rate of change from a graph. 

While the grade eight standards called for students to work informally with

38T

expressions in the equations 𝑓(𝑥) = 3𝑥 − 4 and 𝑔(𝑛) = 3𝑛 − 4 look the same except
38T

38T

for the variables used, 𝑓 may have as its domain all real numbers, while 𝑔 may have as
38T

38T

its domain the natural numbers (i.e. 𝑔 defines a sequence). Students make the
38T

connection between the graph of the equation 𝑦 = 𝑓(𝑥) and the function itself—namely,
38T

that the coordinates of any point on the graph represent an input and output, expressed
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252

as (𝑥, 𝑓(𝑥)) —and understand that the graph is a representation of a function. They

253

neither an exploration of the notion of relation vs. function nor the vertical line test in the

254

CA CCSSM. This is by design. The core question when investigating functions is:

255

“Does each element of the domain correspond to exactly one element of the range?”

256

(Progressions, Functions 2012, 8)

251

257
258

38T

connect the domain and range of a function to the graph (F-IF.5). Note that there is

Standard F-IF.3 introduces sequences as functions. In general, a sequence is a
function whose inputs consist of a subset of the integers, such as: {0,1, 2, 3, 4, 5, … } .
38T

259

Students can begin to study sequences in simple contexts, such as when calculating

260

their total pay 𝑃 when working for 𝑛 days at $65 per day, obtaining a general
38T

38T

38T

262

expression 𝑃(𝑛) = 65 ⋅ 𝑛 . Students investigate geometric sequences of the form

263

population growth or decay, as in the availability of a medical drug over time, or financial

261

38T

𝑔(𝑛) = 𝑎𝑟 𝑛 , 𝑛 ≥ 1 , or 𝑔(1) = 𝑎𝑟, 𝑔(𝑛 + 1) = 𝑟 ⋅ 𝑔(𝑛), for 𝑛 ≥ 2 , when they study
38T

38T

38T

38T

264

mathematics, such as when determining compound interest. Notice that the domain is

265

included in the description of the rule (Adapted from Progressions, Functions 2012, 8).

266
267
268
269
270
271
272
273
274
275
276
277
278

Interpreting Functions

F-IF

Analyze functions using different representations. [Linear and exponential]
7.
Graph functions expressed symbolically and show key features of the graph, by hand in simple
cases and using technology for more complicated cases. 
a. Graph linear and quadratic functions and show intercepts, maxima, and minima. 
e. Graph exponential and logarithmic functions, showing intercepts and end behavior, and
trigonometric functions, showing period, midline, and amplitude. 
9.
Compare properties of two functions each represented in a different way (algebraically,
graphically, numerically in tables, or by verbal descriptions).

In standards F-IF.7 and F-IF.9, students represent functions with graphs and

279

identify key features in the graph. In Mathematics I students study only linear,

280

exponential and absolute value functions. They represent the same function

281

algebraically in different forms and interpret these differences in terms of the graph or

282

context.

283
284

Building Functions

F-BF
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Build a function that models a relationship between two quantities. [For F.BF.1, 2, linear and exponential
(integer inputs)]

1.

2.

Write a function that describes a relationship between two quantities. 
a. Determine an explicit expression, a recursive process, or steps for calculation from a context.

b. Combine standard function types using arithmetic operations. For example, build a function
that models the temperature of a cooling body by adding a constant function to a decaying
exponential, and relate these functions to the model. 
Write arithmetic and geometric sequences both recursively and with an explicit formula, use them
to model situations, and translate between the two forms. 

Build new functions from existing functions. [Linear and exponential; focus on vertical translations for exponential.]
3.

Identify the effect on the graph of replacing f(x) by f(x) + k, kf(x), f(kx), and f(x + k) for specific
values of k (both positive and negative); find the value of k given the graphs. Experiment with
cases and illustrate an explanation of the effects on the graph using technology. Include
recognizing even and odd functions from their graphs and algebraic expressions for them.

Knowledge of functions and expressions is only part of the picture. One must be

303

able to understand a given situation and apply function reasoning to model how

304

quantities change together. Often, the function created sheds light on the situation at

305

hand; one can make predictions of future changes, for example. This is the content of

306

the standards F-BF.1 and F-BF.2 (starred to indicate they are Modeling standards).

307

Mathematics I features the introduction of arithmetic and geometric sequences, written

308

both explicitly and recursively. Very often, students can see the recursive pattern of a

309

sequence, that is, how the sequence changes from term to term, but they have a

310

difficult time finding an explicit formula for the sequence.

311

For example, a population of cyanobacteria can double every 6 hours under ideal

312

conditions, at least until the nutrients in its supporting culture are depleted. This means

313

a population of 500 such bacteria would grow to 1000 in the first 6-hour period, 2000 in

314

the second 6-hour period, 4000 in the third 6-hour period, etc. Evidently, if 𝑛 represents

315
316
317
318

38T

the number of 6-hour periods from the start, the population at that time 𝑃(𝑛) satisfies
38T

𝑃(𝑛) = 2 ⋅ 𝑃(𝑛 − 1) . This is a recursive formula for the sequence 𝑃(𝑛) , which gives the
38T

38T

population at a given time period 𝑛 in terms of the population at time period 𝑛 − 1 . To
38T

38T

find a closed, explicit, formula for 𝑃(𝑛) , students can reason that
38T

𝑃(0) = 500, 𝑃(1) = 2 ⋅ 500, 𝑃(2) = 2 ⋅ 2 ⋅ 500, 𝑃(3) = 2 ⋅ 2 ⋅ 2 ⋅ 500, …
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A pattern emerges, that 𝑃(𝑛) = 2𝑛 ⋅ 500 . In general, if an initial population 𝑃0 grows by
38T

38T

a factor 𝑟 > 1 over a fixed time period, then the population after 𝑛 time periods is given
38T

38T

by 𝑃(𝑛) = 𝑃0 𝑟 𝑛 .
38T

The following example shows how students can create functions based on

prototypical ones such as this one.

324
Exponential Growth. The following example

Some possible questions:

illustrates the type of problem that students can

a. When will the lake be covered halfway?

solve after they have worked with basic exponential

b. Write an equation that represents the

functions like the one described above.

percentage of the surface area of the lake that

Example (Adapted from Illustrative Mathematics

is covered in algae as a function of time (in

2013). On June 1, a fast growing species of algae

days) that passes since the algae was

is accidentally introduced into a lake in a city park.

introduced into the lake.

It starts to grow and cover the surface of the lake in

Solution and Comment.

such a way that the area covered by the algae

a. Since the population doubles each day, and

doubles every day. If it continues to grow unabated,

since the entire lake is covered by June 30, this

the lake will be totally covered and the fish in the

implies that half the lake was covered on June

lake will suffocate. At the rate it is growing, this will

29.

happen on June 30.

b. If 𝑃(𝑡) represents the percentage of the lake
covered by the algae, then we know that
𝑃(29) = 𝑃0 229 = 100 (note that June 30

corresponds to 𝑡 = 29). Therefore, we can
solve for the initial percentage of the lake
covered, 𝑃0 =

100
229

≈ 1.86 × 10−7 . The equation

for the percentage of the lake covered by algae

325
326

at time 𝑡 is therefore 𝑃(𝑡) = (1.86 × 10−7 )2𝑡 .

It should be noted that sequences often do not lend themselves to compact,

327

explicit formulas like in the example above. Students will find this given enough

328

examples. The means for deciding which do have explicit formulas, such as arithmetic

329

and geometric sequences, is an important area of instruction.

330
331

The content of standard F-BF.3 has typically been left to later courses. In
Mathematics I, the focus is on linear and exponential; even and odd functions are not
The Mathematics Framework was adopted by the California State Board of Education on
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332

addressed. In keeping with the theme of the input-output interpretation of a function,

333

students should work towards developing an understanding of the effect on the output

334

of a function under certain transformations, such as in the table below:
Expression

Interpretation

𝑓(𝑎 + 2)

The output when the input is 2 greater than 𝑎

2𝑓(𝑥) + 5

5 more than twice the output of 𝑓 when the input is 𝑥

𝑓(𝑎) + 3

3 more than the output when the input is 𝑎

335

Such understandings can help in seeing the effect of transformations on the graph of a

336

function, and in particular, can aide in understanding why it appears that the effect on

337

the graph is the opposite to the transformation on the variable (e.g. the graph of

338

𝑦 = 𝑓(𝑥 + 2) is the graph of 𝑓 shifted 2 units to the left, not to the right) (Progressions,

339

Functions 2012, 7).

340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362

Linear, Quadratic, and Exponential Models

F-LE

Construct and compare linear, quadratic, and exponential models and solve problems. [Linear and
exponential]

1.

2.

3.

Distinguish between situations that can be modeled with linear functions and with exponential
functions. 
a. Prove that linear functions grow by equal differences over equal intervals, and that
exponential functions grow by equal factors over equal intervals.
b. Recognize situations in which one quantity changes at a constant rate per unit interval
relative to another.
c. Recognize situations in which a quantity grows or decays by a constant percent rate per unit
interval relative to another.
Construct linear and exponential functions, including arithmetic and geometric sequences, given
a graph, a description of a relationship, or two input-output pairs (include reading these from a
table).
Observe using graphs and tables that a quantity increasing exponentially eventually exceeds a
quantity increasing linearly, quadratically, or (more generally) as a polynomial function.

Interpret expressions for functions in terms of the situation they model. [Linear and exponential of form f(x)
= bx + k]

5.

Interpret the parameters in a linear or exponential function in terms of a context.

Functions presented as expressions can model many important phenomena.

363

Two important families of functions characterized by laws of growth are linear functions,

364

which grow at a constant rate, and exponential functions, which grow at a constant

365

percent rate. In standards F-LE.1a-c, students recognize and understand the defining
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366

characteristics of linear and exponential functions. Students have already worked

367

extensively with linear equations, and have developed an understanding that an

368

equation in two variables of the form 𝑦 = 𝑚𝑥 + 𝑏 exhibits a special relationship between

370

the variables 𝑥 and 𝑦, namely, that a change of Δ𝑥 in the variable 𝑥, the independent

371

seen this informally, in graphs and tables of linear relationships, starting in the grade

369

372

variable, results in a change of 𝛥𝑦 = 𝑚 ⋅ 𝛥𝑥 in the dependent variable 𝑦. They have

eight standards (8.EE.5, 8.EE.6, 8.F.3). If one considers only integer values of 𝑥, so

374

that the incremental change in 𝑥 is simply 1 unit, then the change in 𝑦 is exactly 𝑚; it is

375

sequences and in general linear functions of one real variable. Put differently, students

373

376
377

378
379
380
381

this constant rate of change 𝑚 that defines linear relationships, both in discrete linear

recognize that for successive whole number input values, 𝑥 and 𝑥 + 1, a linear function

𝑓(𝑥) = 𝑚𝑥 + 𝑏 exhibits a constant rate of change:

𝑓(𝑥 + 1) − 𝑓(𝑥) = [𝑚(𝑥 + 1) + 𝑏] − (𝑚𝑥 + 𝑏) = 𝑚(𝑥 + 1 − 𝑥) = 𝑚.

In contrast, exponential equations 𝑔(𝑛) = 𝑎𝑏 𝑛 , exhibit a constant percent

change. For instance, a t-table for the equation 𝑦 = 3𝑛 , illustrates the constant ratio of
successive 𝑦-values for this equation.

𝑥 𝑦 = 3𝑛 Ratio of successive 𝑦-values
1 3
2 9

9/3=3

3 27

27/9=3

4 81

81/27=3

382
383

This table shows that each value of y is 3 times the value preceding it (i.e. 300% of the

384

value preceding it), illustrating the constant percent change of this exponential. In the

385

general case, we have
𝑔(𝑛 + 1) 𝑎𝑏 𝑛+1 𝑏 𝑛+1
=
= 𝑛 = 𝑏 (𝑛+1)−𝑛 = 𝑏,
𝑔(𝑛)
𝑎𝑏 𝑛
𝑏
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illustrating the constant ratio of successive values of 𝑔. 1

The standards require students to prove the result above for linear functions (F-

388

LE.1a). In general, students must also be able to recognize situations that represent

389

both linear and exponential functions and construct functions to describe the situations

390

(F-LE.2). Finally, students interpret the parameters in linear and exponential functions,

391

and model physical problems with such functions.

392

A graphing utility, computer algebra system, or common spreadsheet can be

393

used to experiment with properties of these functions and their graphs and to build

394

computational models of functions, including recursively defined functions (MP.4). A

395

real-world example where this can be explored involves investments, mortgages, and

396

other financial instruments. Students can develop formulas for annual compound

397

interest based on a general formula, such as 𝑃(𝑡) = 𝑃0 �1 + 𝑛� , where 𝑃0 is the initial

𝑟 𝑛𝑡

399

amount invested, 𝑟 is the interest rate, 𝑛 is the number of times the interest is

400

explore values after different time periods and compare different rates and plans using

401

computer algebra software or simple spreadsheets (MP.5). This hands-on

402

experimentation with such functions helps develop an understanding of their behavior.

398

compounded per year, and 𝑡 is the number of years the money is invested. They can

403
404

Conceptual Category: Number and Quantity

405

In real-world problems, the answers are usually not numbers but quantities:

406

numbers with units, which involves measurement. In their work in measurement up

407

through grade eight, students primarily measure commonly used attributes such as

408

length, area, and volume. In higher mathematics, students encounter a wider variety of

409

units in modeling, e.g., when considering acceleration, currency conversions, derived

410

quantities such as person-hours and heating degree-days, social science rates such as

411

per-capita income, and rates in everyday life such as points scored per game or batting

412

averages.

413
In CA CCSSM Mathematics I, only integer values for 𝑥 are considered in exponential
equations such as 𝑦 = 𝑏 𝑥 .
1
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Quantities

N-Q

Reason quantitatively and use units to solve problems. [Foundation for work with expressions, equations and
functions]

1.

2.
3.

Use units as a way to understand problems and to guide the solution of multi-step problems;
choose and interpret units consistently in formulas; choose and interpret the scale and the origin
in graphs and data displays. 
Define appropriate quantities for the purpose of descriptive modeling. 
Choose a level of accuracy appropriate to limitations on measurement when reporting
quantities.

In Mathematics I, students reason through problems with careful selection of

425

units, and they use units to understand problems and make sense of the answers they

426

deduce. Standards N-Q.1–3 are modeling standards that refer to students’ appropriate

427

use of units and definition of quantities. For instance, students can evaluate the

428

accuracy of the following conclusion made in a magazine, “On average the human body

429

is more than 50 percent water [by weight]. Runners and other endurance athletes

430

average around 60 percent. This equals about 120 soda cans' worth of water in a 160-

431

pound runner!” (Illustrative Mathematics 2013) They seek out appropriate unit

432

conversions, such as that a typical soda can holds 12 ounces of fluid, that a pound is

433

equivalent to 16 dry ounces, and that an ounce of water weighs approximately 1 dry

434

ounce (at the temperature of the human body).

435
436
437

Conceptual Category: Algebra
In the Algebra conceptual category, students extend the work with expressions

438

they started in the middle grades standards. They create and solve equations in

439

context, utilizing the power of variable expressions to model real-world problems and

440

solve them with attention to units and the meaning of the answers they obtain. They

441

continue to graph equations, understanding the resulting picture as a representation of

442

the points satisfying the equation. This conceptual category comprises a large portion

443

of the Algebra I course and along with the Functions category represents the main body

444

of content.

445
446

The Algebra category in higher mathematics is very closely allied with the
Functions category (Progressions, Algebra 2012, 2):
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An expression in one variable can be viewed as defining a function: the act of

448

evaluating the expression is an act of producing the function’s output given

449

the input.
•

450

An equation in two variables can sometimes be viewed as defining a function,

451

if one of the variables is designated as the input variable and the other as the

452

output variable, and if there is just one output for each input. This is the case

453

if the expression is of the form 𝑦 = (expression in 𝑥) or if it can be put into that

454
•

455
456

form by solving for 𝑦.

The notion of equivalent expressions can be understood in terms of functions:

if two expressions are equivalent they define the same function.
•

457

The solutions to an equation in one variable can be understood as the input

458

values that yield the same output in the two functions defined by the

459

expressions on each side of the equation. This insight allows for the method

460

of finding approximate solutions by graphing functions defined by each side

461

and finding the points where the graphs intersect.

462

Thus, in light of understanding functions, the main content of the Algebra category,

463

solving equations, working with expressions, etc., has a very important purpose.

464
465
466
467
468
469
470
471
472

Seeing Structure in Expressions

A-SSE

Interpret the structure of expressions. [Linear expressions and exponential expressions with integer exponents]
1.

Interpret expressions that represent a quantity in terms of its context. 
a. Interpret parts of an expression, such as terms, factors, and coefficients. 
b. Interpret complicated expressions by viewing one or more of their parts as a single entity. For
n
example, interpret P(1 + r) as the product of P and a factor not depending on P. 

An expression can be viewed as a recipe for a calculation, with numbers, symbols

473

that represent numbers, arithmetic operations, exponentiation, and, at more advanced

474

levels, the operation of evaluating a function. Conventions about the use of parentheses

475

and the order of operations assure that each expression is unambiguous. Creating an

476

expression that describes a computation involving a general quantity requires the ability

477

to express the computation in general terms, abstracting from specific instances.
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Reading an expression with comprehension involves analysis of its underlying

479

structure. This may suggest a different but equivalent way of writing the expression that

480
481

exhibits some different aspect of its meaning. For example, 𝑝 + 0.05𝑝 can be interpreted

482

a tax is the same as multiplying the price by a constant factor. Students began this

as the addition of a 5% tax to a price 𝑝. Rewriting 𝑝 + 0.05𝑝 as 1.05𝑝 shows that adding

483

work in grades six and seven, and continue this work with more complex expressions.

484

The following example might arise in a modeling context and emphasizes the

485

importance of understanding the meaning of expressions in a given problem.

486
Example. A company uses two different-sized

Solutions.

trucks to deliver sand. The first truck can

a. 𝑆 + 𝑇 = the total number of trips both

transport x cubic yards, and the
second y cubic yards. The first truck
makes S trips to a job site, while the second
makes T trips. What do the following
expressions represent in practical terms?
a. 𝑆 + 𝑇
b. 𝑥 + 𝑦

c. 𝑥𝑆 + 𝑦𝑇
d.

487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502

𝑥𝑆+𝑦𝑇

trucks make to a job site.

b. 𝑥 + 𝑦 = the total amount of sand that both
trucks can transport together.

c. 𝑥𝑆 + 𝑦𝑇 = the total amount of sand (in

cubic yards) being delivered to a job site
by both trucks.

d.

𝑥𝑆+𝑦𝑇
𝑆+𝑇

= the average amount of sand being

transported per trip.

𝑆+𝑇

Creating Equations

A-CED

Create equations that describe numbers or relationships. [Linear, and exponential (integer inputs only); for
A.CED.3, linear only]

1.

2.
3.

4.

Create equations and inequalities in one variable including ones with absolute value and use
them to solve problems. Include equations arising from linear and quadratic functions, and simple
rational and exponential functions. CA
Create equations in two or more variables to represent relationships between quantities; graph
equations on coordinate axes with labels and scales. 
Represent constraints by equations or inequalities, and by systems of equations and/or
inequalities, and interpret solutions as viable or non-viable options in a modeling context. For
example, represent inequalities describing nutritional and cost constraints on combinations of
different foods. 
Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving
equations. For example, rearrange Ohm’s law V = IR to highlight resistance R. 

The Mathematics Framework was adopted by the California State Board of Education on
November 6, 2013. The Mathematics Framework has not been edited for publication.

State Board of Education-Adopted

503

Mathematics I

Page 19 of 41

An equation is a statement of equality between two expressions. The values that

504

make the equation true are the solutions to the equation. An identity, in contrast, is true

505

for all values of the variables; rewriting an expression in an equivalent form often

506

creates identities. The solutions of an equation in one variable form a set of numbers

507

which can be plotted on a number line; the solutions of an equation in two variables

508

form a set of ordered pairs of numbers, which can be plotted in the coordinate plane. In

509

this set of standards (A-CED.1–A.-CED.4), students create equations to solve

510

problems, they correctly graph the equations on the coordinate plane, and they interpret

511

solutions in a modeling context. The example below is designed to make students think

512

about the meaning of the quantities presented in the context and choose which ones

513

are appropriate for the two different constraints presented. In particular, note that the

514

purpose of the task is to have students generate the constraint equations for each part

515

(though the problem statements avoid using this particular terminology), and not to have

516

students solve said equations (Illustrative Mathematics 2013).

517
Example: The coffee variety Arabica yields

Solution and Comments:

about 750 kg of coffee beans per hectare,

a. We see that 𝑎 hectares of Arabica will

while Robusta yields about 1200 kg per
hectare. Suppose that a plantation
has 𝑎 hectares of Arabica and 𝑟 hectares
of Robusta.

a. Write an equation relating 𝑎 and 𝑟 if the
plantation yields 1,000,000 kg of
coffee.
b. On August 14, 2003, the world market
price of coffee was $1.42 per kg
of Arabica and $0.73 per kg
of Robusta. Write an equation
relating 𝑎 and 𝑟 if the plantation

produces coffee worth $1,000,000.

yield 750𝑎 kg of beans, and that 𝑟 hectares
of Robusta will yield 1200𝑟 kg of beans. So
the constraint equation is

750𝑎 + 1200𝑟 = 1,000,000.

b. We know that 𝑎 hectares

of Arabica yield 750𝑎 kg of beans

worth $1.42/kg for a total dollar value
of 1.42(750𝑎) = 1065𝑎. Likewise, 𝑟

hectares of Robusta yield 1200𝑟 kg of

beans worth $0.73/kg for a total dollar
value of 0.73(1200𝑟) = 876𝑟. So the

equation governing the possible values
of 𝑎 and 𝑟 coming from the total market

value of the coffee is
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1065𝑎 + 876𝑟 = 1,000,000.

518

One change in the CA CCSSM is the creation of equations involving absolute

519

values (A-CED.1). The basic absolute value function has at least two very useful

520

definitions, a descriptive, verbal definition, and a formula definition. A common

521

definition of the absolute value of 𝑥 is:

522
523
524

525

|𝑥| = the distance from the number 𝑥 to 0 (on a number line).

An understanding of the number line easily yields that, for example, |0| = 0, |7| = 7, and
|−3.9| = 3.9. However, an equally valid “formula” definition of absolute value reads:
−𝑥,
|𝑥| = �
𝑥,

𝑥<0
𝑥≥0

In other words, |𝑥| is simply 𝑥 whenever 𝑥 is 0 or positive, but |𝑥| is the opposite of 𝑥

527

whenever 𝑥 is negative. Either definition can be extended to an understanding of the

528

that has many uses. For an application of this idea, suppose a certain bolt is to be

529

mass-produced in a factory with the specification that its width should be 5mm with an

530

error no larger than 0.01mm. If 𝑤 represents the width of a given bolt produced on the

526

531
532
533
534
535

expression |𝑥 − 𝑎| as the distance between 𝑥 and 𝑎 on a number line, an interpretation

line, then we want 𝑤 to satisfy the inequality |𝑤 − 5| ≤ 0.01, i.e., the difference between

the actual width 𝑤 and the target width should be less than or equal to 0.01 (MP.4,
MP.6). Students should become comfortable with the basic properties of absolute

values (e.g. |𝑥| + 𝑎 ≠ |𝑥 + 𝑎| in general, etc.), and with solving absolute value equations

and interpreting the solution.

In higher math courses intervals on the number line
are often denoted by an inequality of the form
|𝑥 − 𝑎| ≤ 𝑑 for a positive number 𝑑. For example
1

1

|𝑥 − 2| ≤ represents the closed interval 1 ≤ 𝑥 ≤
1

2

2

1

2 . This can be seen by interpreting |𝑥 − 2| ≤ as
2

2

1

“the distance from 𝑥 to 2 is less than or equal to ”
and deciding which numbers fit this description.

2

On the other hand, in the case that 𝑥 − 2 < 0, we
1

1

would have |𝑥 − 2| = −(𝑥 − 2) ≤ , so that 𝑥 ≥ 1 .
2

2

In the case that 𝑥 − 2 ≥ 0, we have |𝑥 − 2| = 𝑥 −
1

1

2 ≤ which means that 𝑥 ≤ 2 . Since we are
2

2

looking for all 𝑥 that satisfy both inequalities, the
1

1

interval is 1 ≤ 𝑥 ≤ 2 . This shows how the
2

2

formula definition can be used to find this interval.

536
537
538
539

Reasoning with Equations and Inequalities

A-REI

Understand solving equations as a process of reasoning and explain the reasoning. [Master linear,
learn as general principle.]
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540
541
542
543
544
545
546
547
548
549
550
551

1.

552

simpler equations. For example, one can add the same constant to both sides without

553

changing the solutions, but squaring both sides might lead to extraneous solutions.

554

Strategic competence in solving includes looking ahead for productive manipulations

555

and anticipating the nature and number of solutions. In Mathematics I, students solve

556

linear equations and inequalities in one variable, including ones with absolute values

557

and equations with coefficients represented by letters (A-REI.3, A-REI.3.1). When

558

solving equations, students make use of the symmetric and transitive properties, and

559

certain properties of equality with regards to operations (e.g. “equals added to equals is

560

equal”). Standard A-REI.1 requires that in any situation, students can solve an equation

561

and explain the steps as resulting from previous true equations and using the

562

aforementioned properties (MP.3). In this way, the idea of proof, while not explicitly

563

named, is given a prominent role in the solving of equations, and the reasoning and

564

justification process is not simply relegated to a future mathematics course. The

565

examples below illustrate the justification process that may be expected in Mathematics

566

I.

Explain each step in solving a simple equation as following from the equality of numbers asserted
at the previous step, starting from the assumption that the original equation has a solution.
Construct a viable argument to justify a solution method.

Solve equations and inequalities in one variable.
3.
Solve linear equations and inequalities in one variable, including equations with coefficients
represented by letters. [Linear inequalities; literal equations that are linear in the variables being solved for;
exponential of a form, such as 2x = 1/16.]

3.1

Solve one-variable equations and inequalities involving absolute value, graphing the
solutions and interpreting them in context. CA

An equation can often be solved by successively deducing from it one or more

On Solving Equations (Progressions, Algebra
2012, 10): A written sequence of steps is code for a
narrative line of reasoning that would use words
like “if”, “then”, “for all” and “there exists.” In the
process of learning to solve equations, students
should learn certain “if-then” moves: e.g. “if 𝑥 = 𝑦

then 𝑥 + 𝑐 = 𝑦 + 𝑐 for any 𝑐.” The danger in

learning algebra is that students emerge with
nothing but the moves, which may make it difficult

Fragments of Reasoning
2𝑥 − 5 = 16 − 𝑥

2𝑥 − 5 + 𝑥 = 16 − 𝑥 + 𝑥
3𝑥 − 5 = 16
3𝑥 = 21

𝑥=

21
=7
3

This sequence of equations is short-hand for a line
of reasoning: “If twice a number minus 5 equals 16
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to detect incorrect or made-up moves later on.

minus that number, then three of that number

Thus the first requirement in this domain (A.-REI) is

minus 5 must be 16 by the properties of equality.

that students understand that solving equations is a

But that means three times that number is 21, so

process of reasoning (A.REI.1).

the number is 7.”

567
568

The solution techniques for solving equations can also be used to rearrange

569

formulas to highlight specific quantities and explore relationships among the variables

570

involved. For example, the formula for the area of a trapezoid, 𝐴 = �

𝑏1 +𝑏2
2

� ℎ, can be

571

solved for h using the same deductive process (MP.7, MP.8). As will be discussed

572

later, functional relationships can often be explored more deeply by rearranging

573

equations that define such relationships; thus, the ability to work with equations with

574

letters as coefficients is an important skill.

575
576
577
578
579
580
581
582

Reasoning with Equations and Inequalities

A-REI

Solve systems of equations. [Linear systems]
5.
Prove that, given a system of two equations in two variables, replacing one equation by the sum
of that equation and a multiple of the other produces a system with the same solutions.
6.
Solve systems of linear equations exactly and approximately (e.g., with graphs), focusing on pairs
of linear equations in two variables.

583

Two or more equations and/or inequalities form a system. A solution for such a

584

system must satisfy every equation and inequality in the system. The process of adding

585

one equation to another is understood as, “if the two sides of one equation are equal,

586

and the two sides of another equation are equal, then the sum (or difference) of the left

587

sides of the two equations is equal to the sum (or difference) of the right sides.” The

588

reversibility of these steps justifies that we achieve an equivalent system of equations

589

by doing this. This crucial point should be consistently noted when reasoning about

590

solving systems of equations (Progressions, Algebra 2012, 11).

591
592
593

When solving systems of equations, students also make frequent use of the
substitution property of equality, e.g., when solving the system 2𝑥 − 9𝑦 = 5 and
1

1

𝑦 = 3 𝑥 + 1 by substituting the expression 3 𝑥 + 1 for 𝑦 in the first equation, to obtain
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1

2𝑥 − 9 �3 𝑥 + 1� = 5. Students also solve such systems approximately, by using graphs

595

and tables of values (A-REI.5-6). When presented in context, the method of solving a

596

system of equations by elimination takes on meaning, as the example below shows.

597
Example: Solving simple systems of equations. To

And the questions

get started with understanding how to solve

•

systems of equations by linear combinations,
students can be encouraged to interpret the system
in terms of real-world quantities, at least in some

and 1 magazine to your purchase?
•

What is the price if you decided to buy only 2
CD’s and no magazine?

cases. For instance, suppose one wanted to solve

Answering these questions amounts to realizing

the system

that since (3𝑥 + 𝑦) + (𝑥 + 𝑦) = 40 + 18, we must

3𝑥 + 𝑦 = 40

4𝑥 + 2𝑦 = 58

Now consider the following scenario:
•

Suppose 3 CD’s and a magazine cost $40,
while 4 CD’s and 2 magazines cost $58.

598
599
600
601
602
603
604
605
606
607
608
609
610
611
612

What happens to the price when you add 1 CD

have that 𝑥 + 𝑦 = 18. Therefore, (3𝑥 + 𝑦) +

(−1)(𝑥 + 𝑦) = 40 + (−1)18, which implies that
2𝑥 = 22, so 𝑥 = 11, or 1 CD costs $11.

The value of 𝑦 can now be found using either of the

original equations: 𝑦 = 7, or a magazine costs $7.

Reasoning with Equations and Inequalities

A-REI

Represent and solve equations and inequalities graphically. [Linear and exponential; learn as general
principle.]

10.
11.

12.

Understand that the graph of an equation in two variables is the set of all its solutions plotted in
the coordinate plane, often forming a curve (which could be a line).
Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and
y = g(x) intersect are the solutions of the equation f(x) = g(x); find the solutions approximately,
e.g., using technology to graph the functions, make tables of values, or find successive
approximations. Include cases where f(x) and/or g(x) are linear, polynomial, rational, absolute
value, exponential, and logarithmic functions. 
Graph the solutions to a linear inequality in two variables as a half-plane (excluding the boundary
in the case of a strict inequality), and graph the solution set to a system of linear inequalities in
two variables as the intersection of the corresponding half-planes.

613

One of the most important goals of instruction in mathematics is to illuminate

614

connections between various mathematical concepts. In particular, in standards A-

615

REI.10-12, students learn the relationship between the algebraic representation of an

616

equation and its graph plotted in the coordinate plane, and understand geometric

617

interpretations of solutions to equations and inequalities. As students become more

618

comfortable with function notation after studying standards F-IF.1–2, e.g. writing
The Mathematics Framework was adopted by the California State Board of Education on
November 6, 2013. The Mathematics Framework has not been edited for publication.

State Board of Education-Adopted

619
620
621
622
623
624

Mathematics I

Page 24 of 41

1

𝑓(𝑥) = 3𝑥 + 2 and 𝑔(𝑥) = − 2 𝑥 + 4, they begin to see solving the equation 3𝑥 + 2 =
1

− 2 𝑥 + 4 as solving the equation 𝑓(𝑥) = 𝑔(𝑥); that is, they are finding those 𝑥-values
where two functions take on the same output value. Moreover, they graph the two

equations, and see that the 𝑥-coordinate(s) of the point(s) of intersection of the graphs

of 𝑦 = 𝑓(𝑥) and 𝑦 = 𝑔(𝑥) are the solutions to the original equation (shown in the figure

below).

625
626
627

Students also create tables of values for functions to approximate or find exact solutions

628

to equations such as that above. For example, they may use spreadsheet software to

629

construct a table such as the one below.
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630
632

Students can reason using this table that since 𝑓(𝑥) = 3.5 at 𝑥 = .5 and 𝑓 is increasing,

633

value somewhere between these values (MP.3, MP.6). In this example, since the

631

and 𝑔(𝑥) = 3.5 at 𝑥 = 1 and 𝑔 is decreasing, the two functions must take on the same

634

original equation is of degree one, we know that there is only one solution, and using

635

finer increments in 𝑥 can approximate the solution. Examining graphs and tables along

636
637

with solving equations algebraically helps students make connections between these
various representations of functions and equations.

638
639

Conceptual Category: Geometry

640

In the standards for grades seven and eight, students began to see two-

641

dimensional shapes as part of a generic plane (the Euclidean Plane) and began to

642

explore transformations of this plane as a way to determine whether two shapes are

643

congruent or similar. In Mathematics I, these notions are formalized and students use

644

transformations to prove geometric theorems about triangles. Students then apply these

645

triangle congruence theorems to prove other geometric results, engaging throughout in

646

MP 3.

647
648
649

Congruence

G-CO
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Experiment with transformations in the plane.
1.
2.

3.
4.
5.

Know precise definitions of angle, circle, perpendicular line, parallel line, and line segment, based
on the undefined notions of point, line, distance along a line, and distance around a circular arc.
Represent transformations in the plane using, e.g., transparencies and geometry software;
describe transformations as functions that take points in the plane as inputs and give other points
as outputs. Compare transformations that preserve distance and angle to those that do not (e.g.,
translation versus horizontal stretch).
Given a rectangle, parallelogram, trapezoid, or regular polygon, describe the rotations and
reflections that carry it onto itself.
Develop definitions of rotations, reflections, and translations in terms of angles, circles,
perpendicular lines, parallel lines, and line segments.
Given a geometric figure and a rotation, reflection, or translation, draw the transformed figure
using, e.g., graph paper, tracing paper, or geometry software. Specify a sequence of
transformations that will carry a given figure onto another.

Understand congruence in terms of rigid motions. [Build on rigid motions as a familiar starting point for
development of concept of geometric proof.]

6.

7.

8.

Use geometric descriptions of rigid motions to transform figures and to predict the effect of a
given rigid motion on a given figure; given two figures, use the definition of congruence in terms
of rigid motions to decide if they are congruent.
Use the definition of congruence in terms of rigid motions to show that two triangles are
congruent if and only if corresponding pairs of sides and corresponding pairs of angles are
congruent.
Explain how the criteria for triangle congruence (ASA, SAS, and SSS) follow from the definition of
congruence in terms of rigid motions.

Make geometric constructions. [Formalize and explain processes.]
12.

13.

Make formal geometric constructions with a variety of tools and methods (compass and
straightedge, string, reflective devices, paper folding, dynamic geometric software, etc.). Copying
a segment; copying an angle; bisecting a segment; bisecting an angle; constructing perpendicular
lines, including the perpendicular bisector of a line segment; and constructing a line parallel to a
given line through a point not on the line.
Construct an equilateral triangle, a square, and a regular hexagon inscribed in a circle.

685

In the Geometry conceptual category, the commonly held—but imprecise—

686

definition that shapes are congruent when they “have the same size and shape” is

687

replaced by a more mathematically precise one: two shapes are congruent if there is a

688

sequence of rigid motions in the plane that takes one shape exactly onto the other. This

689

definition has been explored intuitively in grade eight, but is now investigated more

690

closely. Earlier, students experimented with transformations in the plane, but now,

691

students build more precise definitions for the rigid motions, rotation, reflection, and

692

translation, based on previously defined and understood terms, such as angle, circle,

693

perpendicular line, point, line, between, etc. (G-CO.1, 3, 4). Students base their
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694

understanding of these definitions on their experience with transforming figures using

695

patty paper, transparencies, or geometry software, (G-CO.2, 3, 5), something they

696

started doing in the grade eight standards. These transformations should be

697

investigated both in a general plane as well as on a coordinate system—especially

698

when explicitly describing transformations using precise names of points, translation

699

vectors, and specific lines.

700
Example: Defining Rotations. Mrs. B wants to help

While justfiying that the properties of the definition

her class understand the following definition of a

hold for the shapes she has given them, the

rotation:

students also make some observations about the

A rotation about a point 𝑃 through angle 𝛼 is a

effects of a rotation on the entire plane, for instance

different from 𝑃, then 𝑃𝐴 = 𝑃𝐴′ and the measure
point 𝑃, then 𝐴′ = 𝐴.

transformation 𝐴 ⟼ 𝐴′ such that (1) if point 𝐴 is

that:
•

Rotations preserve lengths.

of ∠𝐴𝑃𝐴′ = 𝛼; and (2) if point 𝐴 is the same as

•

Rotations preserve angle measures.

•

Rotations preserve parallelism.

She gives her students a handout with several
geometric shapes on it and a point 𝑃 indicated on

Later, Mrs. B plans to allow students to explore

the page. In pairs, students are to copy the shapes

more rotations on dynamic geometry software,

onto a transparency sheet and rotate them through

asking them to create a geometric shape and rotate

various angles about 𝑃. Students then transfer the

it by various angles about various points 𝑃, both

rotated shapes back onto the original page, and

part of the object and not.

measure various lenghts and angles as indicated in
the definition.

701
702

In standards G-CO.6-8, geometric transformations are given a more prominent

703

role in the higher mathematics geometry curriculum than perhaps ever before. The new

704

definition of congruence in terms of rigid motions applies to any shape in the plane,

705

whereas previously congruence seemed to depend on criteria that were specific only to

706

certain shapes. For example, the side-side-side (SSS) congruence criterion for triangles

707

did not extend to quadrilaterals, seemingly suggesting that congruence was a notion

708

specific to the shape one was considering. While it is true that there are specific criteria

709

for determining congruence of certain shapes, the basic notion of congruence is the

710

same for all shapes. In the common core, the SSS criteria for triangle congruence is a
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711

consequence of the definition of congruence, just as is the fact that if two polygons are

712

congruent, then their sides and angles can be put into a correspondence such that each

713

corresponding pair of sides and angles is congruent. This concept comprises the

714

content of standards G-CO.7 and G.CO.8, which derive congruence criteria for triangles

715

from the new definition of congruence.

716

A further discussion of standards G-CO.7 and G-CO.8 is warranted here.

717

Standard G-CO.7 explicitly states that students show that two triangles are congruent if

718

and only if corresponding pairs of sides and corresponding pairs of angles are

719

congruent. The depth of reasoning here is fairly substantial at this level; put in other

720

words, students must be able to show using rigid motions that congruent triangles have

721

congruent corresponding parts, and that, conversely, if the corresponding parts of two

722

triangles are congruent, then there is a sequence of rigid motions that takes one triangle

723

to the other. The second statement may be more difficult to justify than the first for most

724
725

students, so we present a justification of it here. Suppose we have two triangles Δ𝐴𝐵𝐶

726

and pairs of angles being congruent. If one triangle was drawn on a fixed piece of

and Δ𝐷𝐸𝐹 such that the correspondence 𝐴 ↔ 𝐷, 𝐵 ↔ 𝐸, 𝐶 ↔ 𝐹 results in pairs of sides

727

paper, and the other drawn on a separate transparency, then a student could illustrate a

728
729

translation, 𝑇, that takes point 𝐴 to point 𝐷. A simple rotation 𝑅 about the point 𝐴, if

730

and rotations preserve lengths. Finally, the last step that may be needed is a reflection

731
732
733
734

necessary, takes point 𝐵 to point 𝐸, which we can be certain will occur since 𝐴𝐵 ≅ 𝐷𝐸

𝑆 about the side ����
𝐴𝐵 , to take point 𝐶 to point 𝐹. It is nontrivial why the image of point 𝐶 is

actually 𝐹. Since ∠𝐴 is reflected about line ⃖����⃗
𝐴𝐵 , its measure is preserved. Therefore, the
image of side ����
𝐴𝐶 at least lies on line ⃖����⃗
𝐷𝐹 , since ∠𝐴 ≅ ∠𝐷 . But since 𝐴𝐶 ≅ 𝐷𝐹, it must

be the case that the image of point 𝐶 coincides with 𝐹. The previous discussion

736

amounts to the fact that the sequence of rigid motions, 𝑇, followed by 𝑅, followed by 𝑆,

737

two triangles are congruent, then there is a sequence of rigid motions carrying one onto

735

maps Δ𝐴𝐵𝐶 exactly onto Δ𝐷𝐸𝐹. Therefore, if we know that the corresponding parts of

738

the other; that is, they are congruent. See the figure for an illustration of the steps in

739

this reasoning.
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Figure 2: Illustration of the reasoning that corresponding parts of
two triangles being congruent implies triangle congruence, in
which point A is translated to D, the resulting image of ΔABC is
rotated so as to place B onto E, and finally, the image is then
reflected along line segment AB to match point C to F.

741
742
743
744

Similar reasoning applies for standard G-CO.8, in which students justify the typical

745

triangle congruence criteria such as ASA, SAS and SSS. Experimentation with

746

transformations of triangles where only two of the criteria are satisfied will result in

747

counterexamples, and geometric constructions of triangles of prescribed side lengths,

748

for example, in the case of SSS, will leave little doubt that any triangle constructed with

749

these side lengths will be congruent to another, and that therefore SSS holds. Note that

750

in standards G-CO.1-8, formal proof is not required. Students are asked to show using

751

transformations that certain results are true.

752
753
754
755
756
757
758
759
760
761
762
763
764

Expressing Geometric Properties with Equations

G-GPE

Use coordinates to prove simple geometric theorems algebraically. [Include distance formula; relate to
Pythagorean Theorem.]

4.
5.

7.

Use coordinates to prove simple geometric theorems algebraically.
Prove the slope criteria for parallel and perpendicular lines and use them to solve geometric
problems (e.g., find the equation of a line parallel or perpendicular to a given line that passes
through a given point).
Use coordinates to compute perimeters of polygons and areas of triangles and rectangles, e.g.,
using the distance formula. 

The intersection of algebra and geometry is explored in this cluster of standards.

765

In G.GPE.4, students use coordinates to prove simple geometric theorems, for instance,

766

proving a figure defined by four points is a rectangle by proving that lines containing
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767

opposite sides of the figure are parallel and lines containing adjacent sides are

768

perpendicular. Students must be fluent in finding slopes and equations of lines (where

769

necessary) and understand the relationships between the slopes of parallel and

770

perpendicular lines in order to do so (G-GPE.5).

771

While many simple geometric results can be proved algebraically, perhaps two

772

results of high importance are the slope criteria for parallel and perpendicular lines

773

themselves. Students have studied lines and linear equations since grade seven; here,

774

they not only use relationships between slopes of parallel and perpendicular lines to

775

solve problems, but they justify why they work. An intuitive argument for why parallel

776

lines have the same slope might read: “Since the two lines never meet, each line must

777

keep up with the other as we travel along the slopes of the lines. So it seems obvious

778

that their slopes must be equal.” This intuitive thought leads us to the equivalent

779

statement: if given a pair of linear equations ℓ1 : 𝑦 = 𝑚1 𝑥 + 𝑏1 and ℓ2 : 𝑦 = 𝑚2 𝑥 + 𝑏2 (for

780
781
782
783
784
785
786
787
788
789
790
791
792

𝑚1 , 𝑚2 ≠ 0) such that 𝑚1 ≠ 𝑚2 , that is, such that their slopes are different, then the lines

must intersect. Solving for the intersection of the two lines yields the 𝑥-coordinate of
𝑏 −𝑏

their intersection to be 𝑥 = 𝑚2−𝑚1 which surely exists since 𝑚1 ≠ 𝑚2 . The reasoning
1

2

here is important: both understanding the steps of the argument and understanding why
proving this statement is equivalent to proving the statement, “if ℓ1 ∥ ℓ2 , then 𝑚1 = 𝑚2 .”
In addition, students are expected to justify why the slopes of two non-vertical,
1

perpendicular lines ℓ1 and ℓ2 satisfy the relationship 𝑚1 = − 𝑚 , or 𝑚1 ⋅ 𝑚2 = −1. While
2

there are perhaps several ways to do this, one is shown here. Le𝑡 ℓ1 and ℓ2 be any

two non-vertical perpendicular lines. Let 𝐴 be the intersection of the two lines, and let 𝐵

be any other point on ℓ1 above 𝐴. We draw a vertical line through 𝐴, a horizontal line

through 𝐵, and we let 𝐶 be the intersection of those two lines. Δ𝐴𝐵𝐶 is a right triangle.

If 𝑎 is the horizontal displacement ∆𝑥 from 𝐶 to 𝐵 and 𝑏 is the length of ����
𝐴𝐶 , then the
Δ𝑦

𝑏

slope of ℓ1 is 𝑚1 = Δ𝑥 = 𝑎. By rotating Δ𝐴𝐵𝐶 clockwise around 𝐴 by 90 degrees, the

794

hypotenuse �����
𝐴𝐵′ of the rotated triangle Δ𝐴𝐵′𝐶′ lies on ℓ2 . Using the legs of Δ𝐴𝐵′𝐶′, we

795

an illustration of this proof (MP.1, MP.7).

793

Δ𝑦

see that the slope of ℓ2 is 𝑚2 = Δ𝑥 =

−𝑎

𝑏

. Thus 𝑚1 ⋅ 𝑚2 = 𝑎 ⋅
𝑏

−𝑎
𝑏

= −1. See the figure for
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ℓ2

ℓ1

a
b
b
−a

796
797
798

The previous proofs make use of several ideas that students have learned about

799

in this and prior courses, including the relationship between equations and their graphs

800

in the plane (A-REI.10) and solving equations with variable coefficients (A-.REI.3). An

801

investigative approach that at first explores several examples of lines that are

802

perpendicular and their equations to find points, construct triangles, and decide if the

803

triangles formed are right triangles will help ramp up to the second proof (MP.8).

804

However, once more, the reasoning required to make sense of such a proof and to

805

communicate the essence of it to a peer is an important goal of geometry instruction

806

(MP.3).

807
808

Conceptual Category: Statistics and Probability

809

In Mathematics I, students build on their understanding of key ideas for

810

describing distributions—shape, center, and spread—presented in the standards for

811

grades six through eight. This enhanced understanding allows them to give more

812

precise answers to deeper questions, often involving comparisons of data sets.

813
814
815

Interpreting Categorical and Quantitative Data
Summarize, represent, and interpret data on a single count or measurement variable.
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Represent data with plots on the real number line (dot plots, histograms, and box plots). 
Use statistics appropriate to the shape of the data distribution to compare center (median, mean)
and spread (interquartile range, standard deviation) of two or more different data sets. 
Interpret differences in shape, center, and spread in the context of the data sets, accounting for
possible effects of extreme data points (outliers). 

Summarize, represent, and interpret data on two categorical and quantitative variables. [Linear focus;
discuss general principle.]

5.

6.

Summarize categorical data for two categories in two-way frequency tables. Interpret relative
frequencies in the context of the data (including joint, marginal, and conditional relative
frequencies). Recognize possible associations and trends in the data. 
Represent data on two quantitative variables on a scatter plot, and describe how the variables are
related. 
a. Fit a function to the data; use functions fitted to data to solve problems in the context of the
data. Use given functions or choose a function suggested by the context. Emphasize linear,
quadratic, and exponential models. 
b. Informally assess the fit of a function by plotting and analyzing residuals. 
c. Fit a linear function for a scatter plot that suggests a linear association. 

Interpret linear models.
7.
8.
9.

Interpret the slope (rate of change) and the intercept (constant term) of a linear model in the
context of the data. 
Compute (using technology) and interpret the correlation coefficient of a linear fit. 
Distinguish between correlation and causation. 

Standards S-ID.1-6 can be considered supporting standards with regards to

842

Standards S-.ID.7-9, in the sense that they extend concepts students began learning in

843

grades six through eight. Students use shape and the question(s) to be answered to

844

decide on the median or mean as the more appropriate measure of center and to justify

845

their choice through statistical reasoning. Students may use parallel box-plots or

846

histograms to compare differences in the shape, center and spread of comparable data

847

sets (S-ID.1, 2).
Example (Progressions, High School Statistics

questions about it just from knowledge of these

and Probability 2012). The graphs below show

three facts (shape, center, and spread). For either

two ways of comparing height data for males and

group, about 68% of the data values will be within

females in the 20-29 age group. Both involve

one standard deviation of the mean (S.ID.2,

plotting the data or data summaries (box plots or

S.ID.3). Students also observe that the two

histograms) on the same scale, resulting in what

measures of center, median and mean, tend to be

are called parallel (or side-by-side) box plots and

close to each other for symmetric distributions.

parallel histograms (S-ID.1). The parallel box plots
show an obvious difference in the medians and the
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interquartile ranges (IQRs) for the two groups; the
medians for males and females are, respectively,
71 inches and 65 inches, while the IQRs are 4
inches and 5 inches. Thus, male heights center at a
higher value but are slightly more variable.
The parallel histograms show the
distributions of heights to be mound shaped and
fairly symmetrical (approximately normal) in shape.
Therefore, the data can be succinctly described
using the mean and standard deviation. Heights for
males and females have means of 70.4 inches and
64.7 inches, respectively, and standard deviations
of 3.0 inches and 2.6 inches. Students should be
able to sketch each distribution and answer

848

Students now take a deeper look at bivariate data, using their knowledge of

849

proportions to describe categorical associations and using their knowledge of functions

850

to fit models to quantitative data. (S-ID.5, 6) Students have seen scatter plots in the

851

grade eight standards and now extend that knowledge to fit mathematical models that

852

capture key elements of the relationship between two variables and to explain what the

853

model tells us about the relationship. Students must learn to take a careful look at

854

scatter plots, as sometimes the “obvious” pattern does not tell the whole story and may

855

be misleading. A line of best fit may appear to fit data almost perfectly, while an

856

examination of the residuals, the collection of differences between corresponding

857

coordinates on a least squares line and the actual data value for a variable may reveal

858

more about the behavior of the data.
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Example. Students must learn to take a careful
look at scatter plots, as sometimes the “obvious”
pattern does not tell the whole story, and can even
be misleading. The graphs show the median
heights of growing boys through the ages 2 to 14.
The line (least squares regression line) with slope
2.47 inches per year of growth looks to be a perfect
fit (S-ID.6c). But, the residuals, the collection of
differences between the corresponding coordinate
on the least squares line and the actual data value
for each age, reveal additional information. A plot of
the residuals shows that growth at a constant rate
does not proceed at a constant rate over those
years (S.ID.6b).

859
860

Finally, students extend their work from topics covered in the grade eight

861

standards and other topics in Mathematics I to interpret the parameters of a linear

862

model in the context of data that it represents. They compute correlation coefficients

863

using technology and interpret the value of the coefficient (MP.4, MP.5). Students see

864

situations where correlation and causation are mistakenly interchanged, and they are

865

careful to closely examine the story that data and computed statistics are trying to tell.

866

(S-ID.7-9).

867
868
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Mathematics I Overview

870
871

Number and Quantity

872
873

Quantities
•
Reason quantitatively and use units to solve problems.

874
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Mathematical Practices
1. Make sense of problems and persevere
in solving them.
2. Reason abstractly and quantitatively.

875

Algebra

876
877

Seeing Structure in Expressions
•
Interpret the structure of expressions.

3. Construct viable arguments and critique
the reasoning of others.

878
879

Creating Equations
•
Create equations that describe numbers or relationships.

4. Model with mathematics.

880
881
882

Reasoning with Equations and Inequalities
•
Understand solving equations as a process of reasoning and
explain the reasoning.

883

•

Solve equations and inequalities in one variable.

884

•

Solve systems of equations.

885

•

Represent and solve equations and inequalities graphically.

5. Use appropriate tools strategically.
6. Attend to precision.
7. Look for and make use of structure.
8. Look for and express regularity in
repeated reasoning.

886
887

Functions

888
889

Interpreting Functions
•
Understand the concept of a function and use function notation.

890

•

Interpret functions that arise in applications in terms of the context.

891

•

Analyze functions using different representations.

892
893

Building Functions
•
Build a function that models a relationship between two quantities.

894

•

895
896

Linear, Quadratic, and Exponential Models
•
Construct and compare linear, quadratic, and exponential models and solve problems.

897

•

Build new functions from existing functions.

Interpret expressions for functions in terms of the situation they model.

898
899

Geometry

900
901

Congruence
•
Experiment with transformations in the plane.

902

•

903

•

Understand congruence in terms of rigid motions.

Make geometric constructions.
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904
905
906

Expressing Geometric Properties with Equations
•
Use coordinates to prove simple geometric theorems algebraically.

907
908

Statistics and Probability

909
910

Interpreting Categorical and Quantitative Data
•
Summarize, represent, and interpret data on a single count or measurement variable.

911

•

Summarize, represent, and interpret data on two categorical and quantitative variables.

912
913
914
915
916
917
918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935

•

Interpret linear models.

936
937
938
939

 Indicates a modeling standard linking mathematics to everyday life, work, and decisionmaking
(+) Indicates additional mathematics to prepare students for advanced courses
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Quantities

N-Q

Reason quantitatively and use units to solve problems. [Foundation for work with expressions, equations and
functions]

1.

2.
3.

Use units as a way to understand problems and to guide the solution of multi-step problems;
choose and interpret units consistently in formulas; choose and interpret the scale and the origin
in graphs and data displays. 
Define appropriate quantities for the purpose of descriptive modeling. 
Choose a level of accuracy appropriate to limitations on measurement when reporting quantities.


Seeing Structure in Expressions

A-SSE

Interpret the structure of expressions. [Linear expressions and exponential expressions with integer exponents]
1.

Interpret expressions that represent a quantity in terms of its context. 
a. Interpret parts of an expression, such as terms, factors, and coefficients. 
b. Interpret complicated expressions by viewing one or more of their parts as a single entity. For
n
example, interpret P(1 + r) as the product of P and a factor not depending on P. 

Creating Equations

A-CED

Create equations that describe numbers or relationships. [Linear, and exponential (integer inputs only); for
A.CED.3, linear only]

1.

2.
3.

4.

Create equations and inequalities in one variable including ones with absolute value and use
them to solve problems. Include equations arising from linear and quadratic functions, and simple
rational and exponential functions. CA
Create equations in two or more variables to represent relationships between quantities; graph
equations on coordinate axes with labels and scales. 
Represent constraints by equations or inequalities, and by systems of equations and/or
inequalities, and interpret solutions as viable or non-viable options in a modeling context. For
example, represent inequalities describing nutritional and cost constraints on combinations of
different foods. 
Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving
equations. For example, rearrange Ohm’s law V = IR to highlight resistance R. 

Reasoning with Equations and Inequalities

A-REI

Understand solving equations as a process of reasoning and explain the reasoning. [Master linear,
learn as general principle.]

1.

Explain each step in solving a simple equation as following from the equality of numbers asserted
at the previous step, starting from the assumption that the original equation has a solution.
Construct a viable argument to justify a solution method.

Solve equations and inequalities in one variable3.
Solve linear equations and inequalities in one
variable, including equations with coefficients represented by letters. . [Linear inequalities; literal
equations that are linear in the variables being solved for; exponential of a form, such as 2x = 1/16.]

3.1

Solve one-variable equations and inequalities involving absolute value, graphing the
solutions and interpreting them in context. CA
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Solve systems of equations. [Linear systems.]
5.
Prove that, given a system of two equations in two variables, replacing one equation by the sum
of that equation and a multiple of the other produces a system with the same solutions.
6.
Solve systems of linear equations exactly and approximately (e.g., with graphs), focusing on pairs
of linear equations in two variables.
Represent and solve equations and inequalities graphically. [Linear and exponential; learn as general
principle.]

10.
11.

12.

Understand that the graph of an equation in two variables is the set of all its solutions plotted in
the coordinate plane, often forming a curve (which could be a line).
Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and
y = g(x) intersect are the solutions of the equation f(x) = g(x); find the solutions approximately,
e.g., using technology to graph the functions, make tables of values, or find successive
approximations. Include cases where f(x) and/or g(x) are linear, polynomial, rational, absolute
value, exponential, and logarithmic functions. 
Graph the solutions to a linear inequality in two variables as a half-plane (excluding the boundary
in the case of a strict inequality), and graph the solution set to a system of linear inequalities in
two variables as the intersection of the corresponding half-planes.

Functions
Interpreting Functions

F-IF

Understand the concept of a function and use function notation. [Learn as general principle. Focus on linear
and exponential (integer domains) and on arithmetic and geometric sequences.]

1.

2.
3.

Understand that a function from one set (called the domain) to another set (called the range)
assigns to each element of the domain exactly one element of the range. If f is a function and x is
an element of its domain, then f(x) denotes the output of f corresponding to the input x. The graph
of f is the graph of the equation y = f(x).
Use function notation, evaluate functions for inputs in their domains, and interpret statements that
use function notation in terms of a context. ).
Recognize that sequences are functions, sometimes defined recursively, whose domain is a
subset of the integers. For example, the Fibonacci sequence is defined recursively by
f(0) = f(1) = 1, f(n + 1) = f(n) + f(n − 1) for n ≥ 1. ).

Interpret functions that arise in applications in terms of the context. [Linear and exponential, (linear domain)]
4.

5.

6.

For a function that models a relationship between two quantities, interpret key features of graphs
and tables in terms of the quantities, and sketch graphs showing key features given a verbal
description of the relationship. Key features include: intercepts; intervals where the function is
increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; end
behavior; and periodicity. 
Relate the domain of a function to its graph and, where applicable, to the quantitative relationship
it describes. For example, if the function h gives the number of person-hours it takes to assemble
n engines in a factory, then the positive integers would be an appropriate domain for the function.

Calculate and interpret the average rate of change of a function (presented symbolically or as a
table) over a specified interval. Estimate the rate of change from a graph. 

Analyze functions using different representations. [Linear and exponential.]
7.
Graph functions expressed symbolically and show key features of the graph, by hand in simple
cases and using technology for more complicated cases. 
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a. Graph linear and quadratic functions and show intercepts, maxima, and minima. 
e. Graph exponential and logarithmic functions, showing intercepts and end behavior, and
trigonometric functions, showing period, midline, and amplitude. 
Compare properties of two functions each represented in a different way (algebraically,
graphically, numerically in tables, or by verbal descriptions).

Building Functions

F-BF

Build a function that models a relationship between two quantities. [For F.BF.1, 2, linear and exponential
(integer inputs)]

1.

2.

Write a function that describes a relationship between two quantities. 
a. Determine an explicit expression, a recursive process, or steps for calculation from a context.

b. Combine standard function types using arithmetic operations. For example, build a function
that models the temperature of a cooling body by adding a constant function to a decaying
exponential, and relate these functions to the model. 
Write arithmetic and geometric sequences both recursively and with an explicit formula, use them
to model situations, and translate between the two forms. 

Build new functions from existing functions. [Linear and exponential; focus on vertical translations for exponential.]
3.

Identify the effect on the graph of replacing f(x) by f(x) + k, kf(x), f(kx), and f(x + k) for specific
values of k (both positive and negative); find the value of k given the graphs. Experiment with
cases and illustrate an explanation of the effects on the graph using technology. Include
recognizing even and odd functions from their graphs and algebraic expressions for them.

Linear, Quadratic, and Exponential Models

F-LE

Construct and compare linear, quadratic, and exponential models and solve problems. [Linear and
exponential]

1.

2.

3.

Distinguish between situations that can be modeled with linear functions and with exponential
functions. 
a. Prove that linear functions grow by equal differences over equal intervals, and that
exponential functions grow by equal factors over equal intervals.
b. Recognize situations in which one quantity changes at a constant rate per unit interval
relative to another.
c. Recognize situations in which a quantity grows or decays by a constant percent rate per unit
interval relative to another.
Construct linear and exponential functions, including arithmetic and geometric sequences, given
a graph, a description of a relationship, or two input-output pairs (include reading these from a
table).
Observe using graphs and tables that a quantity increasing exponentially eventually exceeds a
quantity increasing linearly, quadratically, or (more generally) as a polynomial function.

Interpret expressions for functions in terms of the situation they model. [Linear and exponential of form f(x)
= bx + k]

5.

Interpret the parameters in a linear or exponential function in terms of a context.

Geometry
Congruence

G-CO

Experiment with transformations in the plane.
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Know precise definitions of angle, circle, perpendicular line, parallel line, and line segment, based
on the undefined notions of point, line, distance along a line, and distance around a circular arc.
Represent transformations in the plane using, e.g., transparencies and geometry software;
describe transformations as functions that take points in the plane as inputs and give other points
as outputs. Compare transformations that preserve distance and angle to those that do not (e.g.,
translation versus horizontal stretch).
Given a rectangle, parallelogram, trapezoid, or regular polygon, describe the rotations and
reflections that carry it onto itself.
Develop definitions of rotations, reflections, and translations in terms of angles, circles,
perpendicular lines, parallel lines, and line segments.
Given a geometric figure and a rotation, reflection, or translation, draw the transformed figure
using, e.g., graph paper, tracing paper, or geometry software. Specify a sequence of
transformations that will carry a given figure onto another.

Understand congruence in terms of rigid motions. [Build on rigid motions as a familiar starting point for
development of concept of geometric proof.]

6.

7.

8.

Use geometric descriptions of rigid motions to transform figures and to predict the effect of a
given rigid motion on a given figure; given two figures, use the definition of congruence in terms
of rigid motions to decide if they are congruent.
Use the definition of congruence in terms of rigid motions to show that two triangles are
congruent if and only if corresponding pairs of sides and corresponding pairs of angles are
congruent.
Explain how the criteria for triangle congruence (ASA, SAS, and SSS) follow from the definition of
congruence in terms of rigid motions.

Make geometric constructions. [Formalize and explain processes.]
12.

13.

Make formal geometric constructions with a variety of tools and methods (compass and
straightedge, string, reflective devices, paper folding, dynamic geometric software, etc.). Copying
a segment; copying an angle; bisecting a segment; bisecting an angle; constructing perpendicular
lines, including the perpendicular bisector of a line segment; and constructing a line parallel to a
given line through a point not on the line.
Construct an equilateral triangle, a square, and a regular hexagon inscribed in a circle.

Expressing Geometric Properties with Equations

G-GPE

Use coordinates to prove simple geometric theorems algebraically. [Include distance formula; relate to
Pythagorean Theorem.]

4.
5.

7.

Use coordinates to prove simple geometric theorems algebraically.
Prove the slope criteria for parallel and perpendicular lines and use them to solve geometric
problems (e.g., find the equation of a line parallel or perpendicular to a given line that passes
through a given point).
Use coordinates to compute perimeters of polygons and areas of triangles and rectangles, e.g.,
using the distance formula. 

Interpreting Categorical and Quantitative Data

S-ID

Summarize, represent, and interpret data on a single count or measurement variable.
1.
2.

Represent data with plots on the real number line (dot plots, histograms, and box plots). 
Use statistics appropriate to the shape of the data distribution to compare center (median, mean)
and spread (interquartile range, standard deviation) of two or more different data sets. 
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Interpret differences in shape, center, and spread in the context of the data sets, accounting for
possible effects of extreme data points (outliers). 

Summarize, represent, and interpret data on two categorical and quantitative variables. [Linear focus;
discuss general principle.]

5.

Summarize categorical data for two categories in two-way frequency tables. Interpret relative
frequencies in the context of the data (including joint, marginal, and conditional relative
frequencies). Recognize possible associations and trends in the data. 
Represent data on two quantitative variables on a scatter plot, and describe how the variables are
related. 
a. Fit a function to the data; use functions fitted to data to solve problems in the context of the
data. Use given functions or choose a function suggested by the context. Emphasize linear,
quadratic, and exponential models. 
b. Informally assess the fit of a function by plotting and analyzing residuals. 
c. Fit a linear function for a scatter plot that suggests a linear association. 

6.

Interpret linear models.
7.

Interpret the slope (rate of change) and the intercept (constant term) of a linear model in the
context of the data. 
Compute (using technology) and interpret the correlation coefficient of a linear fit. 
Distinguish between correlation and causation. 

8.
9.
•
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